Abstract-The dispersion properties of rectangular metallic waveguides periodically loaded by uniaxial resonant scatterers are studied with help of an analytical theory based on the local field approach, the dipole approximation and the method of images. The cases of both magnetic and electric uniaxial scatterers with both longitudinal and transverse orientations with respect to the waveguide axis are considered. It is shown that in all considered cases waveguides support propagating modes below cutoff of the hollow waveguide within some frequency bands near the resonant frequency of the individual scatterers. The modes are forward ones except the case of transversely oriented magnetic scatterers when the mode turns out to be backward. The described effects can be applied for the miniaturization of the guiding structures.
I. INTRODUCTION
Recently, a very unusual waveguide was proposed by R. Marques in [1] and then extensively studied by S. Hrabar in [2] . It is a rectangular metallic waveguide periodically loaded by resonant magnetic scatterers, so-called split-ring-resonators (SRR:s) [3] , [4] , which are also used as components of a realization of the left-handed medium (LHM) [5] , composite with negative permittivity and permeability [6] , [7] . The geometry of the Marques waveguide (MW) is presented in Fig.1 . The SRR:s in MW are oriented so that their magnetic moments are orthogonal to the waveguide axis and to one of the walls. The MW support a propagating mode within a frequency band Fig. 1 . Sub-wavelength Split-Ring-Resonator-loaded metallic waveguide [1] near the resonance of SRR:s even if it is located below cutoff frequency of the hollow waveguide [1] , [2] . The transversal dimensions of the waveguide happen to be much smaller than the wavelength in free space. Thus, loading by SRR:s makes waveguide sub-wavelength and provide unique method for miniaturization of guiding structures. Moreover, the mode of MW is backward (the group velocity is negative).
In this paper it is shown that the propagation below the cutoff frequency of hollow waveguide can be achieved with magnetic scatterers oriented longitudinally with respect to waveguide axis, as well as with electric scatterers oriented either longitudinally or transversally. This demonstrates that the miniaturization of the rectangular waveguide at a fixed frequency using loading by the resonant scatterers is not restricted by the case when the scatterers are magnetic and transversally oriented. The miniaturization is possible with help of either magnetic or electric resonant scatterers with either transversal or longitudinal orientation with respect to the waveguide axis. Of course, the miniaturization can be also reached using periodically located capacitive posts, however the loading by resonant scatterers is a qualitatively different effect. In [2] it was pointed out that the miniaturization obtained in this way refers also to the longitudinal size of the waveguide since the period of the loads in incomparably smaller than the wavelength in free space, unlike the propagation in a capacitively loaded waveguide, where the period of the posts is of the order of λ/2.
The mini pass band below the cutoff frequency of a rectangular waveguide loaded by resonant scatterers is caused by the properties of the periodical one-dimensional array (chain) of resonant dipoles and has nothing to do with doublynegative media. The backward wave appears in a special case of transverse orientation of magnetic scatterers and is not a necessary attribute of such mini-band. It is known that a chain of the resonant scatterers in a homogeneous matrix supports guided modes. In the optical frequency range it refers to chains of metallic nanoparticles [8] - [10] . At microwaves it refers to so-called magneto-inductive waveguides (chains of SRR:s) [11] - [13] or to chains of inductively loaded electric dipoles [14] . The metallic walls of loaded waveguide perturb the dispersion of the guided mode in a chain but do not cancel the propagation. This is because the wavelength of the guided mode in the chain of resonant scatterers is dramatically shortened compared to that in the matrix. The guided mode is concentrated in a narrow domain around the chain, and the interaction between the chain and the waveguide walls turns out to be not critical for the existence of the guided mode.
In the present paper we consider both magnetic and electric resonant uniaxial scatterers. As an example of a magnetic scatterer we have chosen the SRR:s [3] , [5] (see Fig. 2 .a). The electric dipoles are represented in our work by the short inductively loaded wires (ILW) [15] (see Fig. 2 .b). Any individual scatterer can be characterized by polarizability relating the dipole moment (magnetic or electric) with the local field (magnetic or electric external field acting to the scatterer). The inverse values of the polarizabilities of SRR:s and ILW:s have the same dependencies on frequency within the resonant band:
Here A is amplitude and ω 0 is resonant frequency, the parameters determined by the geometry of the scatterer. Notice, that the result (1) is also valid for a silver nanosphere in the vicinity of its plasmon resonance [10] . Thus, it is clear that there is no principal difference between the dispersion properties of the chain of SRR:s and ILW:s (at microwaves) or silver nanospheres (in the optical range).
II. CHAINS OF UNIAXIAL RESONANT SCATTERERS
First, let us study dispersion properties of the linear chains with period a formed by resonant scatterers. We will consider only two typical orientations of scatterers: longitudinal and transverse. The geometries of the structures are presented in Fig. 3 .
Chains of resonant scatterers. a) Longitudinal orientation. b) Transverse orientation. Fig. 3 . The case of longitudinal orientation was analyzed in [14] , and the both longitudinal and transverse orientations were studied in [10] . In the present study we use results provided by local field approach presented in [16] . Without loss of generality we can restrict consideration by the case of the chain of magnetic scatterers (SRR:s). The chains of electric scatterers are dual structures to the considered ones and have completely the same dispersion properties. The typical dispersion diagram for both longitudinal and transverse modes is presented in Fig. 4 for the case of scatterers with A = 0.1μ 0 a 3 and ω 0 a = 1/ √ ε 0 μ 0 . The similar dispersion diagram was obtained in [10] (see Fig. 3 of that work) by a numerical simulation. Though in [10] the electric scatterers in the optical range were considered, but we consider the magnetic scatterers in the microwave range, the use of duality principle eliminates this difference. The polarizability of silver nanospheres, for which Fig. 3 from [10] was obtained, obeys to expression (8) of [10] which is identical to our formula (1). The longitudinal mode is forward wave and there is a two mode regime for transverse modes. The dispersion curve for transverse waves has the asymptote q = k and both leaky (q < k) and guided (q > k) modes exist at very low frequencies where they have almost equal wave vectors. Within the band 0.995 < ka < 1 there are two guiding modes at every frequency. The solution corresponding to the backward wave is close to the Bragg's mode (qa ≈ π) whose group velocity is close to zero. The field of this mode is concentrated near the chain within the spatial region r = z 2 + y 2 < 1/ q 2 − k 2 ∼ a. The same concerns the longitudinal mode within the band 1.015 < ka < 1.020. If the period of the chain is much smaller than wavelength in free space the waveguide is sub-wavelength (the field of the guided mode is concentrated within a cylindrical domain whose diameter is much smaller than λ). Thus, the chains of resonant scatterers (electric or magnetic, it does not matter) form sub-wavelength waveguides which can support either forward or backward waves [8] - [14] . 
III. LOADED WAVEGUIDES
Let us study the eigenmodes of the rectangular metallic waveguides periodically loaded by resonant uniaxial scatterers. Such structures can be effectively considered as linear chains located inside of the metallic waveguides. The geometries of the four waveguides considered in the present paper are shown in Fig. 5 (left sides of subplots) . The chains with period c along the waveguide axis are located at the center of rectangular metallic waveguides with dimensions a × b. The structures in Figs. 5.a-d differ by orientation of scatterers (longitudinal or transverse) and their type (electric or magnetic). The first structure (with transversely oriented magnetic scatterers) is the sub-wavelength waveguide (see Fig. 1 ) suggested by R. Marques [1] , [2] . The other ones are considered in order to show three other possible ways to obtain miniaturization of rectangular waveguides. Note, that the chains of electric scatterers are no more dual to the chains of magnetic scatterers (in contrast to the chains in free space) due to the different interaction of electric and magnetic dipoles with metallic walls. Using the image principle the eigenmode problem for the loaded waveguide can be transformed to the problem of the eigenwave propagation in a three-dimensional electromagnetic lattice formed by same scatterers. The details of the transformation are illustrated by Fig. 5 (right parts of all subplots) . The electromagnetic crystals obtained in such a way have orthorhombic elementary cell a × b × c and their dispersion properties was studied in [17] using local field approach. Thus, we apply the theory of the electromagnetic interaction in dipole crystals presented in [17] to study dispersion properties of waveguides under consideration (see details in [16] ).
The chain of SRR:s with transverse orientation located in the waveguide has been interpreted in the literature as a piece of an uniaxial magnetic medium [1] , [2] . We call this approach as effective medium approximation. It can be applied practically to every waveguide considered in this paper except the case of longitudinal orientation of magnetic scatterers since the uniaxial magnetic model does not describe longitudinal modes. This approach provide qualitatively acceptable results which we compare with exact ones .
For study of dispersion properties we have chosen square waveguides (a = b = c) loaded by scatterers with the same parameters which were used for studies of chains:
, and A = 0.1μ 0 a 3 for magnetic scatterers, and A e = 0.1 0 a 3 for electric ones. The dispersion curves for the case of magnetic scatterers are presented in Fig.  6 . The thick solid line represents the dispersion curve for the transverse mode. It is obtained by numerical solution of transcendental dispersion equation from [16] . The dashed line shows the result predicted by the effective medium approach. The significant frequency shift between the exact and approx-imate solutions is observed. Also, the effective medium model gives wittingly wrong results with q > π/a in the region ka < 1.0055, and incorrectly describes group velocity for q > π/(2a) (for example, it does not describe the Bragg mode with zero group velocity at the point qa = π). The dispersion curve for the longitudinal mode is represented by thin line in Fig. 6 . The effective medium filling model can not be applied for description of this mode.
The dispersion curves for the case of electric scatterers are presented in Fig. 7 . The thick and thin solid lines shows dispersion curves for transverse and longitudinal modes, obtained by numerical solution of transcendental dispersion equations [16] . The dispersion curves provided by effective medium models for transverse and longitudinal modes are plotted by thick and thin dashed lines, respectively. The comparison of exact and approximate solutions shows that the model of effective medium filling gives qualitatively right prediction of dispersion curves behavior. The Figs. 6 and 7 demonstrate that the waveguides loaded by electric and magnetic resonant scatterers support modes within the mini-bands below the cutoff frequency of the hollow waveguide. The modes are forward waves, except the case of transverse magnetic scatterers when the mode is forward wave. The width of the pass band for the waveguide loaded by transversal electric scatterers has the same order as in the case of transversal magnetic scatterers [1] , [2] if the loading scatterers have parameters obtained using duality principle from each other. So, the loading by electric scatterers could be an alternative and even more appropriate solution for the waveguide miniaturization than the design suggested in [2] for this purpose.
IV. CONCLUSION
The dispersion properties of rectangular waveguides loaded by resonant scatterers (magnetic and electric ones) have been studied. The waveguide problem has been transformed using the image theory into the eigenmode problem of an auxiliary three-dimensional electromagnetic crystal. The dispersion properties of such electromagnetic crystal have been modeled using the local field approach. It has been revealed that not only magnetic but also electric resonant scatterers allow to obtain mini pass band below cutoff frequency of the hollow waveguide. The corresponding mini-band turns out to be of the same order as for magnetic scatterers with same individual frequency dispersion. So, the electric scatterers (inductively loaded short wires) could be prospective for the waveguide miniaturization as well as split-ring-resonators. It has been shown that the loading by scatterers with longitudinal orientation also allows to obtain the mini-band of propagation below the cutoff frequency of the hollow waveguide, but the width of this band is significantly narrower as compared to the case of transverse orientation. The observed effects are explained in terms of the sub-wavelength guiding properties of the single chains of scatterers. This explanation is supported by comparison of dispersion properties of the loaded waveguides and the chains of the resonant scatterers in free space. 
